Energy band structure of the bilayer graphene superlattices with δ-function magnetic barriers and zero average magnetic flux is studied within the four-band continuum model, using the transfer matrix method. The periodic magnetic potential effects on the zero-energy Dirac point of pristine bilayer graphene are exactly analyzed. Magnetic potential is shown also to generate finite-energy Dirac points at the edges of Brillouin zone the positions of which and the related dispersions are determined in the case of symmetric potentials.
As is well-known from semiconductor physics, the energy band structure of materials could be essentially modified by an external periodic potential, resulting in unusual transport and optical properties. That is why the energy band structure of graphene under a periodic potential (graphene superlattice) was extensively studied from the early days of graphene physics. For single layer graphene superlattices (SLGSLs), the energy band structure has been in detail examined in a number of works for periodic potentials of different natures (electric [1] [2] [3] [4] or magnetic [5] [6] [7] [8] [9] ) and different shapes (Kronig-Penny 1,4,6,9 , cosine 2 or square 3 ). Interesting findings have been reported, such as a strongly anisotropic renormalization of the carrier group velocity and an emergence of extra Dirac points (DPs) in the band structure of electric SLGSLs [1] [2] [3] [4] or an emergence of finite-energy DPs in the band structure of magnetic ones [7] [8] [9] . There are fewer works concerning the energy band structure of bilayer graphene superlattices (BLGSLs) and they are all devoted to the case of electric potentials [10] [11] [12] . The most impressive features observed in the band structure of the electric BLGSLs studied (with different potential shapes: δ-function 10 , rectangular 11 , or sine 12 ) are an emergence of a pair of new zero-energy DPs or an opening of a direct band gap, depending on the potential strength. These unusual features have been observed in the band structure of only electric BLGSLs and, moreover, they are assumed common for all electric BLGSLs with any potential shape, providing the average potential to be zero. Then, a question should be certainly raised of whether periodic magnetic potentials could bring about similar features in the energy band structure of bilayer graphene (BLG). Unfortunately, to our knowledge, no works on the band structure of BLGSLs with magnetic potentials have been reported. Note that while sharing with single layer graphene many properties important for electronics applications, BLG exhibits the privileges, including the ability to open a band gap in the energy spectrum and to turn it flexibly by an external electric field 13, 14 . On the other hand, the effects of a magnetic potential and those of an electric one on the energy band structure of graphene might be related to each other 15 .
a) Electronic mail: nvlien@iop.vast.ac.vn
The purpose of the present work is to study the energy band structure of BLGSLs with a magnetic potential (magnetic BLGSLs -MBLGSLs) which are arisen from an infinitely flat Bernal-stacked BLG in a periodic magnetic field with zero average magnetic flux as schematically described in Fig.1(a) . The magnetic field is assumed to be uniform in the y-direction and staggered as δ-function barriers of alternate signs, B 0 and − B 0 , along the x-direction. The corresponding vector potential A(x) can be then described as the standard Kronig-Penney potential with d B the barrier width, d W the well width, d = d B + d W the superlattice period, and A 0 = B 0 l B the potential strength (l B = h/eB 0 the magnetic length and e the elementary charge) [ Fig.1(b) ]. For such the periodic magnetic potentials the only way of breaking the symmetry is associated with a difference between d B and d W . So the parameter q = d W /d B is introduced to describe the asymmetric effects and the MBLGSLs with q = 1 (q = 1) will be referred to as symmetric (asymmetric) MBLGSLs. Thus, within the model discussed the periodic magnetic potential is entirely characterized by the three parameters: A 0 , d, and q. Such a δ-function model will be hold as long as de Broglie wavelength of quasi-particles is much larger than the typical width of magnetic barriers 5 . Actually, this magnetic potential model is the same as that used for SLGSLs in Refs. 3, 5, 9 , but the structure studied here is BLG. To justify the consideration, we will ignore intervalley scattering assuming the widths d B(W ) are much larger than the lattice constant in graphene. All spin-related effects are also neglected. Besides, potentials on both graphene layers are assumed to be the same at a given (x, y)-point. Under these conditions the low-energy excitations near one original Dirac point (say, K) in the energy band structure can be generally described in the four-band continuum nearest-neighbor, tight-binding model with the Hamiltonian the Fermi velocity, t ≈ 3 eV is the intralayer nearestneighbor hopping energy, a = 2.46Å is the lattice constant of graphene, and t ⊥ ≈ 0.39 eV is the interlayer nearest-neighbor hopping energy. The magnetic field effect is here accounted for by the momentum operator
The Hamiltonian of eq. (1) is limited to the case of symmetric on-site energies 14 . Due to a periodicity of the potential A(x) the timeindependent Schrödinger equation HΨ = EΨ for the Hamiltonian H of eq.(1) could be most conveniently solved using the transfer matrix method 10, 16 , which generally reduces the energy spectrum problem to solving the equation (see Supplementary Material 17 ):
where k x is the Bloch wave vector and T and R I are matrices, depending on the Hamiltonian under study. In the case of SLGSLs, when the Hamiltonian H and, therefore, T and R I are 2 × 2 matrices, equation (2) can be analytically solved that gives straightaway a general expression for the dispersion relation E( k) 9 . For MBLGSLs in the four-band model of eq.(1), in general, equation (2) with (4×4)-matrices T and R I is too complicated to be solved analytically, so we have solved it numerically and show in Figs.2 and 3, for example, the structure of several most important minibands.
Zero-energy DP.-To examine the zero-energy DPs, Fig.2 presents the lowest conduction and the highest valence minibands for the MBLGSLs with potentials of A 0 = 0.5 and d = 4 in three cases: (a) q = 1 (symmetric potential), (c) q = 1.5, and (e) q = 0.5 (asymmetric potentials). The boxes (b), (d), and (f ) present the contour plots of the lowest conduction miniband for the energy spectra shown in (a), (c), and (e), respectively. (Due to a symmetry of spectra with respect to the (E = 0)-plane the analysis is hereafter concentrated on the positive energy part). For comparison, we remind that in the energy band structure of the pristine BLG there is a single zero-energy DP located at k = 0, in the vicinity of which the dispersion has the parabolic double cone shape: E = ±h 2 k 2 /2m with the isotropic mass m = t ⊥ /2v 2 F 14 . Hereafter, for convenience, dimensionless quantities are introduced: energies in units of t ⊥ , x (or d) in (hv F /t ⊥ ), and k x(y) in (t ⊥ /hv F ) with t ⊥ and v F given above.
In the case of q = 1 (symmetric potential), Fig.2 does not depend on the period d. Next, to check the dispersion relation associated with the zero-energy DP identified we expand eq.(2) to the lowest order in E, k y , and k x in the vicinity of its location,
with the mass m * depending on A 0 , d, and q:
While the obtained relation of eq.(3) shows a parabolic dispersion with an isotropic double cone shape like that of original zero-energy DP for the pristine BLG, the isotropic mass m * is however depending on the potential parameters (A 0 , d and q). It is clear from eq. (4) that (i) m * is always less than m (= t ⊥ /2v 2 F for the pristine BLG), (ii) m * /m monotonously decreases with increasing A 0 and/or d, and (iii) in the m * (q)-dependence there is a single minimum at q = 1 (i.e. for symmetric potentials). Thus, the shift of location in the k y -coordinate and the dependence of mass on the potential parameters are the two effects a periodic magnetic potential can induce on the zero-energy DP in the energy band structure of BLG. For comparison, remind again that the electric periodic potentials generate either a pair of new zero-energy DPs or a direct band gap [10] [11] [12] . Finite-energy DPs. -Fig.3 shows the two lowest conduction minibands [(a) and (c)] and the corresponding contour plots [(b) and (d)] for the same MBLGSLs as those studied in Figs.2(a, b) and (c, d) , respectively. (Noting again the symmetry of the energy spectra with respect to the (E = 0)-plane). In both the cases, q = 1 (a, b) and q = 1.5 (c, d), the touching points are clearly seen at the edges of the Brillouin zone, Fig.3(a, b) ]. Similar finite-energy touching points are also existed at higher energies (unshown). Describing quantitatively the touching points observed is generally beyond our ability except the case of symmetric potentials, when the locations of these points as well as related dispersions can be found in the same way as that used above for the zero-energy DP.
Indeed, in the case of symmetric potentials, q = 1, as can be seen in Figs.3(a, b) [and can be directly checked using eq.(2)], the finite-energy touching points are located at (k x = ±π/d, k y = 0). Substituting these wave numbers into eq. (2), we obtain the relation:
where k 1(2) = E 2 ± E − A 2 0 . Given A 0 and d, solving this equation we can fix the energy-coordinates E n of all finite-energy touching points of interest (which are all arranged in pairs). For example, in Figs.4(a) Fig.4(a) which shows an decrease with increasing A 0 , all the energies E n calculated seem to increase with the potential strength A 0 [two higher curves in Fig.4(a) ], but decreasing with increasing the potential period d [Fig.4(b) ]. Particularly, Figs.3(a) shows E 1 ≈ 0.37 t ⊥ . Thus, eq. (5) gives energy-positions E n of all finite energy touching points which are located at (k x = ±π/d, k y = 0) in the case of symmetric magnetic potentials.
Further, by expanding eq. (2) in the vicinity of the touching points fixed, (E = E n , k x = π/d, k y = 0), we arrive at the linear dispersion relation:
where v nx and v ny are carrier group velocity components In the opposite case of asymmetric potentials, q = 1 [ Figs.3(c, d) ], we are able only to qualitatively comment that the finite-energy DPs with linear dispersion should be still generated at k x = ±π/d, but at nonzero k y = k Note that for BLGSLs with electric δ-function potentials the finite-energy touching points are also generated at (k x = 0, k y = 0), the related dispersions are however direction-dependent in the sense that they are linear or parabolic in the k x -or k y -direction, respectively 18 .
Finally, Fig.5 compares the density of state (DOS) for the band structure of the MBLGSL studied in Fig.3(a) [red solid line] and that of the pristine BLG [blue dashed line]. Clearly, the periodic magnetic potential makes the DOS rather fluctuated (comparing to that of pristine BLG). The central minimum in the solid curve (at E = 0) is related to the zero-energy DP. The local dips at finite energy in this DOS is associated with the finiteenergy DPs at E 1 and E 2 [indicated by arrows], whereas the peaks are located at the bending points between these DPs. Such a potential induced behavior of DOS should be manifested in transport properties of the structure.
In summary, we have studied the effects of a periodic δ-function magnetic field with zero average flux (say, along the x-direction) on the energy band structure of BLGs. It was shown that the magnetic potential (i) may move the location of the original zero-energy DP along the (k x = 0)-direction to a finite k y -coordinate, keeping the double cone dispersion isotropic and parabolic with the carrier mass which is however depending on the potential; and (ii) generates the finite-energy DPs with a linear and anisotropic dispersion at the edges of the Brillouin zone. In the case of symmetric magnetic potentials the position and the dispersion are exactly determined for all the DPs of interest, while in the case of asymmetric potentials this can be done for the zero-energy DP only. We assume that these findings should robust against changes in the shape of the magnetic potential, providing the average flux to be zero. 
